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Nomenclature

b = plate thickness, m
C = heat capacity, kJ=�kg�C�
k = thermal conductivity, W=�m�C�
L = length of the plate, m
Nn = nth normalization integral, m
n = dummy index in summation
q00i = surface heat flux (i� 0,1 ,2), W=m2

q00s �x; t� = dimensional surface heat flux,W=m2

q00x�x; t� = dimensional axial heat flux,W=m2

T�x; t� = dimensional temperature, �C
Ti = initial temperature, �C
To = boundary temperature at x� 0, �C
t = dimensional time, s
tmax = maximum time, s
w = half-width of surface heat flux, m
x = dimensional space variable, m
x1 = half-length of the plate, m
y = dimensional space variable, m
z = dimensional space variable, m
� = thermal diffusivity, m2=s
�x = x1=10, m
�y = w=4, m
�n = nth eigenvalue, m�1

��x; y; t� = dimensional temperature, �C
� = density, kg=m3

�n�x� = nth eigenfunction associated with nth eigenvalue

I. Introduction

T HISNote presents some new observations that support the need
to develop rate-based sensors for detecting sudden changes in

heat flux that can be brought about in many physical problems of

interest. To illustrate this important but subtle finding, this Note
presents two examples that are indicative of practical physical
processes. The first example describes a simplified model for
hypersonic flow over a flat plate in which a sudden change in heat
flux occurs at the transition point. Locating the point of transition in
hypersonic flows is highly important and is identifiable by a sudden
change in both heat flux and skin friction. In the one-dimensional
transient-heat-conduction model for the plate, the surface heat flux
appears in the heat equation. The second example considers a finite
width surface heat flux impinging a two-dimensional half-space
geometry. In this case, a strong sink is present and the effect of the
geometrical dimensionality can be considered in the proposed
observations. Both studies permit analytic solutions by classical
methods. In particular, focus is directed to the spatial region near the
jump discontinuity and the local behavior of the time derivatives of
temperature. As noted by Frankel et al. [1–8], various types of
inverse problems can also benefit from the development of rate-
based sensors.

II. One-Dimensional Heat Conduction: Detecting
Transition in a Flat Plate

Locating the position at which laminar–turbulent transition takes
place in hypersonic flows is critical to the development of large
airbreathing hypersonic vehicles [9]. The occurrence of transition is
indicated by dramatic changes in heat transfer and skin friction.
Figure 1 shows [9] the heat transfer (heat flux) distribution along a
cone under reentry conditions. At the assumed transition onset point
(x=L� 0:65), a large jump in heat flux is observed. Many methods
for experimentally detecting transition are limited to laboratory
conditions. Flowfieldmethods include [10] 1) hot-wire anemometry,
2) total (pressure) head measurements near the surface, 3) stetho-
scoping based on acoustics, 4) sublimation of surface coating, and
5) schlieren photography. Surface measurements involving temper-
ature and heat flux are also used. In-flight conditions preclude the use
of the five flowfield-method measurements. Future flight craft may
require intelligent data collection for processing to optimize wing
configurations and other advanced concepts. In-flight optimization
will involve a combination of data collection, analysis, feedback, and
actuation.

Figure 2 qualitatively displays high-speed flow over a flat plate.
Let us assume that the plate is sufficiently thin to be able to lump in
the y direction. Additionally, suppose that the solid circles could
potentially represent thermal sensors (temperature or heating/
cooling rate). To illustrate the concept of heating/cooling rate as a
potential indicator for detecting transition, let us form a simplified
one-dimensional transient-heat-conduction model in the flat plate
shown in Fig. 2. The simplified linear heat equation is given as
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and the initial condition

T�x; 0� � Ti x 2 �0; L� (1d)

where T is the temperature; �x; t� are the independent variables for
space and time, respectively; q00s �x; t� is the surface heat flux; b is the
thickness of the plate; L is the length of the plate (b	 L); k is the
thermal conductivity; � is the thermal diffusivity of the plate; and Ti
andTo are, respectively, the initial uniform-temperature and imposed
constant-temperature boundary conditions at x� 0. Further, assume
Ti < To and let the source function q

00
s �x; t� be described by the two-

part formula

q00s �x; t� �
�
q001; 0 
 x 
 x1
q002; x1 < x 
 L

(2)

Alternatively, Eq. (1a) can be viewed as a slab of width L having a
volumetric heat source given by q00s �x; t�=b. The proposed two-part
formula for the surface heat flux shown in Eq. (2) is merely an
idealizedmodel of the sudden jump condition described in Fig. 1. For
analytic simplicity, this steady-state source is imposed to obtain an
analytic solution. For early times, the effect of the boundaries in a
long plate near the center point x� x1 � L=2 is small, and hence this
choice is merely made for convenience. The solution to this linear
nonhomogenous heat equation is obtained by using thefinite integral
transform technique [11]. Using this approach, we obtain the exact
solution
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where the eigenvalues are�n � �2n� 1��=�2L�, the eigenfunctions
are �n�x� � sin��nx�, and normalization integrals reduce to Nn �
L=2 (n� 0; 1; . . .). For the moment, let us assign geometrical and

physical properties to this example based on pure copper. Let the
thermophysical properties of the plate be assigned as
k� 386 w=�m�C�, �� 8890 kg=m3, and C� 398 J=�kg�C�, in
which the thermal diffusivity can be calculated as �� k=��C�. Next,
let the geometrical properties be given as L� 0:25 m, b� 0:01 m,
and x1 � L=2. Finally, let q001 � 0:1 MW=m2, q002 � 5 � q001 , Ti�
0�C, To � 100�C, and tmax � 40 s.

Figures 3–5 display the time histories of temperature T�x; t�, the
heating/cooling rate �@T=@t��x; t�, and the second time derivative of
temperature �@2T=@t2��x; t� about the point x� x1 � L=2 (location
at which the surface heat-flux discontinuity is imposed), to indicate
the sensitivity of each function in proximity to the sudden change of
surface energy deposition. The second time derivative of temperature
is presented for several reasons, including the following:

1) This term can physically appear in the study of thermoelasticity
([12], p. 57) involving Fourier heat conduction in elastic solids.

2) This term can potentially bemeasured with the aid of bimaterial
microcantilever beams.

Fig. 1 Heat flux along a cone [9].

Fig. 2 Schematic of high-speed flow over a thin flat plate with indicated

flow regimes.

Fig. 3 Temperature histories about the heat-flux discontinuity location

x� x1: negative (left) or positive (right).

Fig. 4 First-time derivative of temperature about the heat-flux

discontinuity location x� x1: negative (left) or positive (right).
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3) This term will be shown to have physical significance (see
Fig. 5).

Figures 3 and 4 display the time histories of temperature T�x; t�
and the heating rate �@T=@t��x; t� about the point x� x1 � L=2
(location at which the surface heat-flux discontinuity is imposed),
respectively, to indicate the sensitivity of each function due to the
surface heat flux. The temperature-history lines nearly run parallel
when early time histories about point x1 have different concavities.
Here, the node number is given as position left (negative) or right
(positive): that is, nodej � x1 � j�x, where the distance between
two consecutive nodes is given as�x� x1=10� 1:25 cm. Figure 4
displays the corresponding heating/cooling rate at the indicated
sensor sites about the imposed surface jump in energy deposition.
Hence, the heating/cooling rate presents an amplified early time
view, whereas the temperature itself appears to be of questionable
value. Additionally, if sufficient noise were to take place in the
temperature sensors at low temperature, it would be difficult to
discern signals at the various sensor sites. The concavity change
displayed in Fig. 5 about the transition point also suggests that the
second derivative, �@2T=@t2��x; t�, should produce a sign change
about the transition location, as shown in Fig. 5. These observations
are quite suggestive and should lead to an aggressive pursuit to
develop temperature-rate sensors for use in locating transition in
hypersonic flows. Therefore, a real-time check on the sign of the
signals from a set of �@2T=@t2��x; t� would readily reveal that the
transition point is located between the two consecutive in-situ
thermocouples.

III. Two-Dimensional Heat Conduction: Detecting
Flux Discontinuity

Increasing the physical dimensionality of the problem permits
geometrical and diffusive effects to be considered on the surface
temperature and its time derivatives. Next, consider the physical
situation described in Fig. 6 and mathematically prescribed by the
two-dimensional constant-property heat equation:
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The surface heat flux has a width of 2w and magnitude of q00o. For
simplicity, let Ti � 0�C, then the resulting surface temperature
distribution is analytically provided as [13]
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Fig. 5 Second-time derivative of temperature about the heat-flux

discontinuity location x� x1: negative (left) or positive (right).

Fig. 6 Half-space schematic displaying surface heat flux.

Fig. 7 Temperature histories about the heat-flux discontinuity location

y� w for stainless steel.
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where erf�z� is the error function [14] and ��0; z� represents the
incomplete gamma function [14]. Analytic time differentiation of
Eq. (5) can be performed to obtain higher time derivatives of
temperature at the surface. For definiteness and contrast, two diverse
materials are considered in this analysis. Let w� 1 cm, and the
nodes about the discontinuous heat flux are given by yj � w� j�y,
where �y� w=4� 0:25 cm and j��2, �1, 0, 1, 2.

Figures 7–9 present results based on assuming stainless steel
properties of k� 14:7 W=�m�C�, �� 3:75 � 10�6 m2=s,
q00o � 106 W=m2, and tmax � 10 s, and Figs. 10–12 present results
based on assuming copper properties of k� 386 W=�m�C�,
�� 1:091 � 10�4 m2=s, q00o � 107 W=m2, and tmax � 1 s. This
geometry presents an extremal case, because an infinite sink is
present. The previous study represented an extremal case in which
energy could only be propagated in a single dimension.

Figure 7 displays the stainless steel temperature historiesT�0; y; t�
about point y�w, when the surface heat flux jumps from a high
level of energy impingement to zero. Both x–y diffusive effects
appear in Figs. 7–9 due to this geometry. This geometry offers a

significant sink in both the x and y directions. The effect of geometry
allows for some graphical separation of temperature between nodes.
Figure 8 shows the heating-rate histories �@T=@t��0; y; t� over time.
This figure strongly implies that the point at which the jump
condition occurs lies between nodes 
1 without requiring much
insight or interpretation. Figure 9 presents �@2T=@t2��0; y; t�
histories of the nodes about the discontinuity. For early times, a
definite sign change occurs, indicating a sudden change in flux.

Figures 10–12 illustrate a set of figures that is similar to the set
shown in Figs. 7–9, but now with consideration to copper, for which
the time scale is decreased and the surface heat flux is increased.
Figure 9 displays the temperature histories about the y�w location.
Figure 10 presents the heating rate �@T=@t��0; y; t� over time and
again provides a discriminating feature. Figure 12 presents
�@2T=@t2��0; y; t� histories of the nodes about the discontinuity. For
early times, a definite sign change occurs, indicating a sudden change
in flux, narrowing down the field of potential locations. It appears
quite possible to estimate the location of the sharp and sudden jump
between two or three thermocouples.

Fig. 8 First-time derivative of temperature about the heat-flux

discontinuity location y� w for stainless steel.

Fig. 9 Second-time derivative of temperature about the heat-flux

discontinuity location y� w for stainless steel.

Fig. 10 Temperature histories about the heat-flux discontinuity

location y� w for copper.

Fig. 11 First-time derivative of temperature about the heat-flux

discontinuity location y� w for copper.
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IV. Conclusions

The purpose of this Note involves relating an observation useful
for detecting sudden changes in heatflux through either 1) the careful
analysis of higher time derivatives of temperature or 2) the direct and
instantaneousmeasurement of the time derivative of temperature. As
with mechanical systems, it is often better to measure acceleration
than displacement. This analogy also holds true for thermal systems.
It is well known that numerical differentiation of raw data is ill-posed
[15–17], and this is especially noticeable as the sample size is
increased for a fixed time span. Measurement of acceleration can be
performed without differentiation and thus one postulates that
sensors capable of measuring higher time derivatives [8] of
temperature are thus conceivable and could impact aerospace heat
transfer studies.
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